Differential-algebraic equations (DAEs) 
Introduction
Differential-algebraic equations (DAEs) have wide applications in the modeling and simulation of constrained dynamical systems in numerous applications, such as mechanical multibody systems [1] [2] , electrical circuit simulation [2] [3] , chemical engineering, control theory [1] [3] [4] , fluid dynamics, and many other areas. The dynamical behavior of physical processes is usually modeled via differential equations. But if the states of the physical system are in some ways constrained, like for example by conservation laws such as Kirchhoff's laws in the electrical networks [3] , or by position constraints such as the movement of mass points on a surface [5] , then the mathematical model also contains algebraic equations to describe these constraints. Such systems, consisting of both differential and algebraic equations are called differential-algebraic systems, algebrodifferential systems, or implicit differential equations. A Differential-Algebraic Equation (DAE) is, essentially, an Ordinary Differential Equation Here the ODE (2) for ) (t x depends on additional algebraic variable ) (t z , and the solution is forced in addition to satisfy the algebraic constraints given with it. The system (2) is called a semi explicit system of differential-algebraic equations (DAEs). In comparison with ODEs, these equations present at least two major difficulties: the first lies in the fact that it is not possible to establish general existence and uniqueness results, due to their more complicate structure; the second one is that DAEs do not regularize the input, since solving them typically involves differentiation in place of integration. [1] - [6] .
Examples of Differential-Algebraic Equations
Modeling with DAEs plays a vital role, among others, for constrained mechanical systems, electrical circuits and chemical reaction kinetics. We will discuss here one important application of DAEs in constrained mechanical systems. [1] 
Constrained mechanical systems
Consider the mathematical pendulum in figure 1 . Let m be the pendulum's mass which is attached to a rod of length l. In order to describe the pendulum in Cartesian coordinates we write down the potential energy [1] [7] mgy mgl mgh [2] , then further conditions have to be specified to single out specific desired solutions.
Index concepts
Since a DAE involves a mixture of differentiation and integrations, one may hope that applying analytical differentiations to a given system and eliminating as needed, repeatedly if necessary, will yield an explicit ODE system for all unknowns. This turns out to be true unless the problem is singular. The number of differentiations needed for this transformation is called the index of the DAE [1]- [5] . In more details, the differentiation index is the minimum number of times that all or part of (1) must be differentiated with respect to t in order to determine x & as a continuous function of t and x. The difference is that an ODE has index zero, while an algebraic equation has index one.
Linear DAEs with Constant CoEfficients
The linear differential-algebraic equations with constant coefficients are of the form 
Canonical Forms
The linear differential-algebraic equations with constant coefficients can be treated by purely algebraic techniques. Scaling (9) by a non singular matrix of the form 
which is again a linear differential-algebraic equations with constant coefficients. Moreover, the relation
x Q x=
gives a oneto-one correspondence between the corresponding solution sets [1] [2] . This means that we can consider the transformed problem (11) instead of (9) with respect to solvability and related questions. The following definition of equivalence is now evident. Definition Two pairs of matrices i. Every entry LЄ j is a bidiagonal block of size Єj ×( Єj +1), Єj ∈ Ν 0 , of the form
ii. Every entry Mη 1 is a bidiagonal block of size ( η j +1)×η j , η j ∈ Ν 0 ,of the form
iii. Every entry ℐρ j is a Jordan block of size ρ j ×ρ j , ρ j ∈Ν, λ j ∈ Χ of the form
iv. Every entry Nσ j is a nilpotent block of size σ j ×σ j , σ j ∈ Ν , of the form
The Kronecker canonical form is unique up to permutation of the blocks,i.e., the kind, size and number of the blocks are characteristic for the matrix pair (E,A). Note that, the notation for the blocks in Theorem 4.C implies that a pair of 1 1× matrices (0,0) actually consist of two blocks, a L0 size 1 0 × and a block M0 of size 0 1× .
Example :
The Kronecker canonical form of the pair consists of one Jordan block
, two nilpotent blocks N 2, N 1 and three rectangular blocks L1, L0, M0.
With the help of the Kronecker canonical form, we can now study the behavior of (9) Transformation of the nontrivial entries to Jordan canonical form finally yields (13) with the required block structure [1] . With the help of (13), which is sometimes called Weierstraβ canonical form, we can now write down the solutions of (9) in the case of a regular matrix pair explicitly. In particular we utilize that (9) separates into two subproblems when 
Nx x f t = + & (15)
We here note that in equation (15) N is a nilpotent matrix. When its index of nilpotency is zero, it is nothing but a zero matrix. In that case equation (15) is just an algebraic equation of the form as mentioned in equation (2) . We observe that equation (14) is an initial value problem for linear ordinary differential equations and is always solvable. Therefore, here we will only give a more details of (15) , , Thus, we obtain the relations 11  11  12 2  12  21  1 21,  22  1 22 , , , P Q P N Q P N Q P N Q = = = =   and   11 2  1 11  12  1 12  21 2  21  22  22 , , , . Let the pair (E, A) of the square matrices be regular and let P and Q be nonsingular matrices which transform (9) and (10) to Weierstraβ canonical form, [4] [8] i.e., 
. Then we have the following: i.
The differential-algebraic equation (9) is solvable.
ii.
An initial condition (10) iii. Every IVP with consistent initial condition is uniquely solvable
Example:
Consider the differential-algebraic equation
To find the solution set, .
Therefore, the solution is unique and given by 2 3 ( ) 3 This shows that the homogeneous problem (17) has non-trivial solution. 
